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Three types of problems in gravitational attraction are considered. In the 
first type, two isoperimetric ones are solved elementarily by means of a known 
inequality concerning integra1 means. In the second one, it is shown that if a 
homogeneous ellipsoid is divided into two measurable sets, then the gravitational 
attractive force between them is greatest when the two sets are hemiellipsoids 
formed by a plane containing the two largest principal axes. In the third one, 
it is shown that the motion of a free particle in a straight tunnel through a 
homogeneous ellipsoidal planet is simple harmonic. Furthermore, the periods 
achieve their maximum and minimum values when the tunnels are parallel 
to the largest and smallest axes, respectively. 
I. INTRODUCTION 
The first type problem considered is to determine the shape of a homo- 
geneous solid of given mass such that its gravitational attraction for a unit 
test particle is a maximum. The case for a minimum attraction is very easy 
and here the solid is a sphere centered at the location of the test particle. The 
result is then extended for the case when the test particle is replaced by a 
sphere. 
The second type problem is to partition a homogeneous ellipsoid into two 
measurable sets such that the gravitational attractive force (in magnitude) 
between them is a maximum. The corresponding problem for the minimum 
attraction is again an easy problem. Since the gravitational attraction of a 
homoeoid (a shell bounded by two homothetic concentric ellipsoids) exerted 
on a test particle lying in the interior of both surfaces of the shell is zero, 
we merely divide the given ellipsoid into any smaller homothetic concentric 
ellipsoid plus its complement. Then the net force of attraction is zero as in 
the first problem. 
The third type problem is to determine the maximum and minimum 
periods for a free particle oscillating in straight tunnels connecting any two 
points of the surface of a homogeneous ellipsoidal planet. 
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II. ISOPEHIMETRIC PKOBLEMS m GKAVITATIONAL ATTRACTION 
It might be thought that of all homogeneous solids of revolution with given 
mass, the gravitational attraction of the body on a unit particle located at a 
point where the axis pierces the surface is a maximum for a sphere. That this 
is not so follows from calculations of this attractive force for both a sphere 
and a class of oblate ellipsoids of a certain determined range of eccentricities 
[l, p. 651. Consequently, it is then a natural question to ask for which homo- 
geneous solid of revolution of given volume is the attraction a maximum. A 
formal solution to this problem by a variational approach is also given in 
[ 1, pp. 6644. Here we give a complete nonvariational solution to the problem. 
Subsequently, we treat the general case where we do not assume the body 
is one of revolution, 
We first consider all solids of revolution having a given height h. In Fig. 1, 
we have a plane cross-section of the solid which contains the axis of revolu- 
tion. 
Pth, a) 
axls > X 
FIGURE 1 
The gravitational attraction, in magnitude, on a unit particle at 0 by the body 
is given by [l, p. 171 
1 F 1 = 27r 1” 11 - ,/g+T/ dx. (1) 
0 
Our problem now is to determine Z(X) which maximizes 1 F 1 subject to the 
volume constraint 
V = T 
s 
” x2 dx. (2) 
0 
Since we are first keeping h fixed, we equivalently want to minimize 
J=S,“,& (3) 
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subject to constraint (2). In order to simplify the integrand of (3), we make 
the following substitution for the dependent variable z 
z2 + x2 = G(z, x)” x2/3. (4) 
While the latter substitution was suggested by the solution given in [I, p. 671, 
it is to be noted that one would be led to a similar substitution if one wished 
to get rid of the square root in the integrand. We now make the next set of 
obvious transformations 
x3/3 = t h3/3 = k, G(x, x) = H(z, t). 
Our problem has now been simplified to minimizing 
subject to 
.r 
k 
H(x, t)2 dt = const. 
0 
The solution follows immediately from known inequalities concerning 
integral means [2, p. 231, i.e., if - co < r < s S< co, then 
1 
I/T 
If lrdV R 
s 
(5) 
dV 
R 
with equality if and only if 1 f 1 = const. On letting s = 2, r = - 1, it 
follows that H(x, t) or G(z, x) = const. 
Digressing for a moment, we can also solve in a similar way, the more 
general problem 
-h Max 
J I h,.ex) 0 
F(x) - 
subject to the constraint 
I h {I(x) + z2G(x)“} dx = const. 0 
409/3711-16 
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(Here G(x) is an increasing function.) As before, we first hold h fixed. Then 
after letting 
z2 + H(x) = I(z, ~)l/~~~ G(x)l’, p = (1 - n)/( 1 2 n?), 
we apply (5). Finally, we maximize over h. 
Returning to complete the initial problem, we must now maximize F over 
values of h. although this part of the problem is an elementary calculus one, 
its details are more irksome than the previous part. 
On replacing I by (4) with G(z, x) = A2i3 = const, (1) and (2) become, 
maximize 
subject to 
5h - 3h5/+2/3 
and 
9A4WN3 - 5h3 = 15V/7r = 4K3 (const.) 
O<h<h (since .z2 3 0 in (4)). 
The last condition also implies that 0 < h < K. Eliminating h, we want to 
find 
That the maximum occurs at the endpoint h = K will follow by showing that 
is an increasing function oft for t > 0. The derivative of (6) is 
‘(3 - (4 $6y2 + 
135P 
(4 + 5Py 
which will be 3 0 if 
(4 + 5ty > 81P(P + 2)2 
or 
4(P - 1)2 (1lP + 6) 3 0. 
Whence for a maximum. 
and 4rrh Fmax = - . 
5 
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For a sphere of equivalent volume V, 
Fs = (7) . 5113. 
Since 
F max 3 --- 
& 5213 
w 1.0260, 
the maximum shape body only gives a slight increase in the attractive force. 
It’s cross-section as illustrated in Fig. 2 is a “flattened out circle” at the end 
away from the test particle. This is not unexpected from an intuitive physical 
point of view. 
FIGURE 2 
We now reconsider the previous problem without initially assuming that 
the body is one of revolution and that the test particle is located on the bound- 
ary of the body. Referring to Fig. 3, we have 
dF =$dv (by the inverse square law). 
where 
R=ix+jy+kz and r=IRl. 
409/37/1-16* 
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Thus the problem here is determine the shape and location (with respect to 0) 
of the region Y which maximizes 
subject to the volume constraint 
s ” 
dv = $f = const. 
We will show by a symmetry argument that the solution is the same as before. 
But first we easily obtain an upper bound for 1 F 1 . By the Schwarz-Bunia- 
kowsky inequality 
By adding the analogous expressions for the y and z components, we get 
Since the latter integral is a maximum for a sphere centered at 0, 
FIGURE 4 
We now show that the test particle 0 must lie outside or on the boundary 
of the body. Assume that 0 lies inside and consider a plane through 0 normal 
to the resulting force of attraction F on 0 by the body as in Fig. 4. F can be 
considered as the sum of F, and Fa which are the forces of attraction on 0, 
respectively, by the regions I and II of the body. Since Fa and Fa lie in dif- 
ferent half-spaces, their two components along F and normal to F must be 
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in opposite directions, respectively. Consequently, [ F 1 can be increased by 
moving (and possibly deforming) region II to the other side of the plane so 
that its two components of attraction add rather than subtract to the two 
components of Fi . Thus 0 must lie outside or on the boundary of V. Figure 4 
also applies in this case with the exception that all of V will be on one side of 
the plane. By continuity, there exists a plane containing F which bisects V (in 
volume) into new regions I and II. If the component of F, (for this subdivi- 
sion) along F is greater or equal to the component of F, along F, then we 
will not decrease 1 F 1 by replacing V by region I plus its image across the 
bisecting plane. In this new region v’, F will lie in the plane of symmetry. By 
continuity again, there exists another plane containing 0, normal to the 
previous bisecting plane, and bisecting the new region V’. Using the same 
argument as before, 1 F 1 will not be decreased by changing v’ into a new 
region V” having two perpendicular planes of symmetry. For this con- 
figuration, F will be along the line of intersection of the two planes. By now 
considering thin cross-sections of V” normal to the two planes of symmetry 
together with thin concentric cylindrical disks of the same cross-sectional area, 
it follows that I F I will be increased by changing V” into one of revolution V 
(if it was not already one). 
Finally, we can now show easily that 0 must be on the boundary. If 0 is at 
a distance d from the boundary, then (1) becomes 
Since the integrand is a decreasing function of d, d must equal zero. 
Another extension of the first problem would be to replace the (point) test 
particle by a sphere of given radius. Since the attraction between a sphere and 
a particle can be found simply by replacing the sphere by a particle of equal 
mass at its center, it follows from the previous symmetry argument that the 
given mass must be a solid of revolution whose axis passes through the center 
of the sphere. Also the attraction will be greatest when the sphere is tangent 
to the body. The only change in the mathematics now is to replace x by 
x + a in (1) where a denotes the radius of the sphere and to replace substitu- 
tion (4) by 
9 + (x + u)” = G(.z, x) (CT + u)2/3. 
Another related problem would be to determine the shapes and relative 
orientation of two regions of given volumes Vi , V, such that the gravitational 
attractive force of one of them on the other is a maximum. It is conjectured 
that the two regions will be figures of revolution with a common axis and 
flattened out at the far ends as in Fig. 5. 
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FIGURE 5 
III. How SHALL AN ELLIPSOID BE DIVIDED TO MAXIMIZE 
THE GRAVITATIONAL ATTRACTION BETWEEN THE Two PARTS? 
A known result in potential theory [3, p. 601 is that if a homogeneous 
sphere is divided into two measurableEm, then the gravitational attractive 
force between them is given by MM’GG’/a3, where M, M’ are the masses 
and G, G’ are the centroids of the two sets and a is the radius of the sphere. 
Using this result, it has been shown [4] that the mutual force of attraction 
will be greatest when the two subsets are hemispheres. 
To settle the corresponding problem for an ellipsoid, we consider the force 
of attraction between any two prescribed sets of the ellipsoid. First, however, 
we should define what is meant by the force of attraction since in general there 
will also be a resultant couple. If dv, and &a denote volume elements of the 
regions Vi and Va (see Fig. 6), respectively, the force of attraction of I’, on 
Vi is defined as 
F = [ s ; dv, dv, 
‘“1 “2 
FIGURE 6 
where R denotes the position vector from dv, to dv, and r = 1 R 1 . Since the 
elements dF form a general force system (nonconcurrent), the resultant of the 
force system will in general consist of a single force given by (7) and a couple. 
By elementary transformations one could represent the resultant in a cano- 
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nical form consisting of a single force and a couple whose axis is parallel to the 
force. This canonical form is called a wrench [S, p. 2781. 
It is known [3, p. 1671 that the force of attraction of the homogeneous olid 
ellipsoid x2/a” + y2/b2 + x2/c2 = 1 on a unit particle located at an internal 
point (p, 4, r) is given by 
X =pA, Y = qB, z = rc 
where X, Y, 2 denote the x, y, z components of the force, respectively and 
m A = 2nabc 
s ,, {(a” + u)” (b2 Fu) (c” + u)}l/2’ 
B, C are obtained from A, respectively, by permuting a, b, c. Also for con- 
venience, we have taken the density and the gravitational constant to be 
unity. 
Letting S denote one of the two subsets of the division whose measure is 
not greater than half the measure of the ellipsoid, the other set is the comple- 
ment S’. By Newton’s third law of action and reaction, the attraction between 
S and s’ is also the same as between S and S U S’. Using the previous 
quoted result, the three components of the gravitational force of attraction F 
between S and 5” are then 
X=A 
s 
x dV, Y=B ydV, 
s 
z=c 
s 
zdV 
s s s 
or 
X=AVz, Y = BVjj, z=cvz 
- - where (x, y, Z) denotes the centroid of the subset S of given measure V. Thus 
for 1 F 1 to be a maximum, the set S will have to be connected and be along- 
side of the boundary of the ellipsoid. 
We now show that S must be a segment. Let R denote the centroid of S 
FIGURE 7 
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as indicated in Fig. 7 and let DE denote a plane parallel to the diametral 
plane of line OR such that the measure of the minor segment formed is the 
same as S. By affinely transforming the ellipsoid into a sphere, it follows that 
the centroid of the segment lies on the open segment RH which then gives a 
larger value for / F 1 . Using the integral expressions for the components of 
F, it also follows that if we choose a larger segment formed by a plane D’E’ 
parallel to plane DE, then ] F 1 will increase. This is only valid provided that 
the measure of the segment formed is < half the measure of the ellipsoid. 
Our problem has now been reduced to finding which central plane to 
choose for the partition. If its equation is lx + my + nz = 0, then 
, F , _ yc .2u~~q2++~~m~~~2~~2~1’2. 
I (9) 
The derivation of the latter result was posed in a Math. Tripos problem of 
1899 [3, p. 1821 and follows easily from the previous expressions for 1 F / . 
The centroid of a hemiellipsoid is easily obtained by affinely transforming it 
into a hemisphere. 
We will finally show that 
aA < bB < CC for a>b&c. (10) 
This then immediately implies that 
IFI 
nabc2C 
max = ~ Y 4 (11) 
since 
This maximum attraction corresponds to a partition by a plane containing 
the two largest principal axes. 
To show aA < bB, we form the difference 
aA - bB 
i’ 
cc, 
I = 2nabc(a - 6) = 
(u - ab) du 
,, {(a” + u)” (b2 + u)” (c” + .)>1’2 ’ 
or 
For the integration in the interval (1, CD), we let t -+ l/t. Thus, 
Iidz = j: (a + b&(; + &)3/2 
I (3 +k)‘/2 - (6 + &t)“2 
PROBLEMS IN GRAVITATIONAL ATTRACTION 249 
Since the integrand is < 0 for 0 < t < 1, we get that aA < bB and, similarly, 
that bB < CC. 
We conclude this section with two related conjectures: 
(1) A homogeneous sphere is the only body which can be partitioned 
into two arbitrary measurable sets such that the gravitational attraction 
between them reduces to a single force (no couple). 
(2) It is known [3, p. 1831 that if a homogeneous ellipsoid is partitioned 
into two sets by an arbitrary plane, then the gravitational attraction between 
them reduces to a single force. It is conjectured that the latter property 
characterizes ellipsoids. 
IV. MOTION IN TUNNELS THROUGH ELLIPSOIDAL PLANETS 
It is known that the motion of a freely falling body in a straight tunnel 
connecting any two points of the surface of a homogenous spherical planet is 
simple harmonic and, furthermore, that the time of traverse is isochronous [6]. 
Here these results are extended to ellipsoidal planets where again the motion 
is simple harmonic but, as to be expected, the periods are no longer constant. 
However, the periods are constant for any set of parallel tunnels. The greatest 
and least periods occur for tunnels parallel to the major and minor axes, 
respectively. 
We denote the uniform density of the planet by p and take its shape to be 
x2/a2 + y2/b2 + za/cs = 1. If the tunnel (see Fig. 8) originates at point 
(x0 ,ys, x0) with direction cosines [Z, m, n], than the force of attraction 
exerted by the planet on a unit mass located at (x, y, a) is given by 
- F = (X, Y, 2) = (Apx, Bpy, Cpz) [see Eq. (S)]. 
FIGURE 8 
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Since the component of F along the tunnel is Xl + Ym + Zn, the equation 
of motion is 
d2s 
Jg= - (Xl + Ym + Zn}. 
The equation of the tunnel is 
x - x0 Y -Yo z - x0 =- 
1 m 
=----=x+s, 
n 
where the origin (;\) to measure s from is at our disposal. Thus, 
d2s -=- 
dt2 
p{AZ2 + Bm2 + Cn2} s 
- PW(X~ + lx> + Bm(y, + mh) + Cn(z, + nX)}. 
We now choose X so that the last term on the right side of the above equation 
vanishes, i.e., 
_ h = Alxo + Bmy, + Cnz, 
Al2 + Bm2 + Cn2 ’ 
Thus the motion is simple harmonic with period 
T= 
(~(A12 + Bz + Cn2}1/2 ’ 
This reduces to the known result for a sphere on letting a = b = c. For then 
A = B = C = 47r/3. The latter have to be multiplied by k (the universal 
gravitational constant) since it was assumed to be unity in [3]). Then since 
km&l 
7 = mg 
where g is the surface gravitational constant, 
and T=dyAk 
J 
a ___== 277 g. 
The extreme values of T occur at the extreme values of Al2 + Bm2 + Cn2. 
The latter is easily obtained since 
min(A, B, C) Q A1~2’+Bm~2~n~ < max(A, B, C). 
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If a > b 3 c, then 
* B - A = 2rrabc 
I 
(a2 - b2) du 
,, {(u” + u)3 (b2 + u)3 (c” + u)}l’2 ” 
and, similarly, C 3 B. Thus 
T. -z 
mm - d pc 
for tunnels parallel to the minor axis and 
T max =& 
for tunnels parallel to the major axis. 
Due to the asymmetry of the potential, the body which starts from rest at 
one end of the tunnel will not get to the other end. However, if it is released 
at the other end first, it will get to the previous end having a positive speed 
and thus emerge from the tunnel where it will be subject to the potential 
function which is valid in the exterior of the body. It seems conceivable that 
one could arrange two symmetric tunnels so that the motion is periodic 
with a half cycle consisting of a traverse through tunnel PQ, a traverse QR 
outside the planet and then a traverse through tunnel RS as in Fig. 9. 
FIGURE 9 
The asymmetry of the potential at the ends of a tunnel and the origin (A) 
for the simple harmonic motion (SHM) can be viewed geometrically by 
means of the equipotential surfaces. The potential V at an interior point 
(x, y, z) of the ellipsoid is given by [3, p. 1711 
252 
where 
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D = 2nabc 1z 
J o {(u” + u) (b&i-I-u))‘-z ’ 
Thus the equipotential surfaces are concentric ellipsoids whose axes are in 
the ratio 
To obtain a correct picture of the equipotential surfaces versus the shape of 
the planet, we need to know how the quantities Aa2, Bb2 and Cc2 compare. An 
exercice from London University, 1931 and given in [3, p. 1801 is to show 
that Au2 3 Bb2 > Cc2 and thus at points of the surface of the planet the 
potential is greatest at the ends of the minor axis (and is least at the ends of 
the major axis). The desired inequalities follow immediately by forming the 
difference 
Aa - Bb2 = 2nabc 
I 
(a” - b2) u du 
o ((a2 + u)” (b2 + u)” (c2 + u)}lj2 ’ 
FIGURE 10 
Figure 10 gives a schematic view of the equipotential surfaces inside the 
planet. The origin for the SHM in any tunnel is now seen to be the point at 
which the tunnel is tangent to one of the members of the equipotential sur- 
faces. 
Aside from a subsequent appendix on inequalities of the elliptic functions 
which have appeared here, we close with three more unsolved problems. 
(3) Determine the brachystochrone (path of minimum period) between 
any two surface points of a uniform ellipsoidal planet (references for the 
solution in the spherical case are given in [6]). 
(4) If the isochronous property is to hold for any set of parallel tunnels 
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in an ellipsoidal planet with an ellipsoidal symmetric density (the density 
is constant in thin shells whose shape is homothetic with the planet), then it 
is conjectured that the density must be constant. 
(5) If the isochronous property is to hold for any set of parallel tunnels in a 
continuous family of homothetic uniform ellipsoidal planets subject to a 
central force law, then it is conjectured that the force law must be inverse 
square. It is also conjectured that the isochronous property can hold for one 
uniform ellipsoidal planet with a different force law of attraction. (The 
solutions of 4 and 5 in the spherical case are given in [6]). 
APPENDIX 
A, B, C, D are elliptic functions which are given by [7] 
A’ = W(% P) - E(% PI> 
(a” - b2) &g-.--~ ’ 
B, = 2-J+, P) ~‘a - c 2Fb, P) 2c 
(a2 _ p) (b2 - 3) - (~2 - b2) .\/a2 - c2 (b2 - c”) ab ’ 
2&s P) 2b ~- 
c’ = (c2 _ b2) da2 - 3 + (b2 - 4 ab ’ 
where E and F are elliptic functions of the first and second kind, respectively, 
01 = arc sin d(a2 - 9)/a, p = {(a” - b2)/(a2 - c2)}lj2, 
and 
A’ EL?!? 
2rrabc ’ 
etc. 
By expressing A, B, C, D as integrals over solid angles as in [3, p. 1681, one 
finds easily that 
A’+B’+C’=-& 
a2A’ + b2B’ + c2C’ = D’. 
Now using 
A<B<C and a2A 3 b2B > CT, 
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we immediately obtain 
2bc 2 
a(a2b2 + b2c2 + cza2) 
<A’<- 
3abc 
< C’ < 
2ab 
c(a2b2 + b2c2 + c2a2) ’ 
c2D’ 
a2 + 6” + c2 
< a2iZ’ < 
D’a2 
a2 + 62 +> * 
By using the stronger inequalities 
aA,<bB<cC 
which were derived in Eqs. (9)-( 12), we obtain 
aA’ < 
2 
ab + bc + ca 
< CC’, 
aA’ < 
D’ 
a+b+c 
< cc’. 
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